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Abst rac t - -Th is  paper deals with the higher-order Kirchhoff-type quation with nonlinear dissi- 
pation 
(/o Utt+ IDrnul 2 dx ( -A )mu+u,  lu~]r=]ulPu, xE~,  t>0,  
in a bounded omain, where m > 1 is a positive integer, q, p, r > 0 are positive constants. We obtain 
that the solution exists globally if p _< r, while if p > max{r, 2q}, then for any initial data with 
negative initial energy, the solution blows up at finite time in L p÷2 norm. (~) 2004 Elsevier Ltd. All 
rights reserved. 
Keywords - -H igher -order  Kirchhoff-type quation, Nonlinear dissipation, Global existence, Blow- 
up. 
1. INTRODUCTION 
:In this paper, we investigate global existence and blow-up properties of the solution for the 
following higher-order Kirchhoff-type quation with nonlinear dissipation: 
utt -b IDmu] 2 dx ( -A )mu Jr" utlut] r = lulPu, x e ~, t > O, 
O~u (1.1) 
u(x,t)=O, 69t~ =0,  i= l ,2 , . . . ,m-1 ,  xEO~, t>0,  
u(x ,0 )  = u0(x),  u~(z ,0  = u l (x ) ,  z e a ,  
where ~t C R g (N > 1) is a bounded open domain with smooth boundary, u is the outer norm 
vector; m > 1 is a positive integer, q,p, r > 0 are positive constants• 
This work was supported by National Postdoctoral Foundation of Science. 
0893-9659/04/$ - see front matter (~) 2004 Elsevier Ltd. All rights reserved. Typeset by AA/~S-2~X 
doi: 10.1016/j.aml.2003.07.014 
1410 F. LI 
When m -- 1 and q = 0 (1.1) becomes a semilinear hyperbolic problem, i.e., 
v .  - Av  + v, lv~l ~-~ = I r iS-%, • e ~, t > o, 
v(x,t)=O, x~Of~, t>O, 
~(~,o) = ~o(x), ~(~,o)  = ~(~) ,  x • a,  
(1.2) 
many authors had studied the existence and uniqueness of global solution, the blow-up of solution, 
see [1-7]. In [3], Georgiev and Todorova obtained that the solution of (1.2) blows up in finite time 
if I < ~ </3 (I </3 < N/ (N-2)  for N ~ 3, /~ > 1 for N < 3) and the initial energy is su~ciently 
negative. Their result is also valid for small negative initial energy by a small modification of the 
proof. See also [4,5] for the related works of the blow-up solutions of (1.2). 
In case of m -- I, the equation in (I.I) becomes a Kirchhoff-type equation with nonlinear 
dissipation 
vt t -  IDvf2dx zXv +~l~tl ~--Ivl%, (1.3) 
and had been studied by many authors, the local existence, global existence, and blowing up at 
finite time of solutions were established, see [8-12] and the references cited therein. Ono  [12] 
obtained that the solution of (1.3) blows up in finite time if ~ > max{/3, 27} (~ < 2/ (N  - 4) 
for N > 5, ce > 0 for N _< 4) and negative initial energy. Later, the similar result was obtained 
by Benaissa and Messaoudi [8] to the following generalized Kirchhoff-type equation: 
vt t -M(~e~(~) lDv l2dx)e -e (~)d iv (ee(~)Dv)+vt lv t l~=tv l~v,  
where M : R + ~ R + is a bounded function, ~(x) is a bounded function. In [13-17], the following 
abstract evolution equations: 
[P(ut)lt + A(t, u) + Q(t, ut) = F(u) 
were studied on appropriate Banach space, some global nonexistence results were obtained. 
Recently, Galaktionov and Pohozaev [18] investigate the solution of (I.I) without the dissi- 
pation (i.e., (I.i) without the term IutiTut) in the whole space •N.  They  obtain the sufficient 
condition to ensure that the solution blows up at finite time, however, their approach cannot be 
applied to problem (1.1). 
Since local existence and uniqueness of the solution of problem (I.i) can be obtained by a 
similar way  as done in [12,16,17,19], the main purpose of this paper is to study global existence 
and blow-up of the solution for problem (I.i). 
Set 
1 1 1 u p+2 (1.4) 
E(t) = ~ II~tll~ + 2(q + 1------~ I ID~ll~(q+l) - p +---7 p+2. 
Here and below the notation II~lls denotes the norm of u in the space L~(f~). Assume that p 
satisfies the condition 
2 
p~ fo rN>2m,  p>0,  fo rN_<2m.  (1.5) (N - 2.~)' 
Our  main results are the two theorems. 
THEOREM 1.1. Suppose that p < r and condition ('1.5) holds. Then for any initial data (uo, ul) E 
H2~(f~) n H~(f~) x H~(f~), the solution of (1.1) exists globally. 
THEOREM 1.2. Suppose that p > max{r, 2q} and condition (1.5) holds. Then for any initial 
data (uo, Ul) E g2m(f~) n Hg'(ft) x gg( f t ) ,  the solution of (1.1) blows up at finite time in L p+2 
norm provided that E(O) < O. 
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2. GLOBAL EX ISTENCE OF  THE SOLUTION 
To prove Theorem 1.1, we consider the following energy: 
1 1 
J(t) = ~ Ilu~ll~ + 2(q + 1~ 
and show that J(t) has an exponential bound. 
PROOF OF THEOREM 1.1.  
can get 
1 U p+2 IED~II~ (q+x) + ~ II lip+2 
since 
The HSlder inequality ields 
1411 
! 
By multiplying equation in (1.1) by ut and integrating over f~, one 
J'(t) ~+2 f~ -- - I I~,L+2 + 2 u~,l~l ~ dx, 
1 d u p+2 [uutlul pdx. 
p + 2 dt p+2 -~-  Ja 
fluutlulPdx < p+l - ~ ~lMllp+2. 
By the Young inequality, we get 
-- p+2' 
Thus, we obtain 
r+2 2e -(p+I) ~t p+2 J'(t) ~ -]lut ~+2 + 2ellutll~+~ + p+2" 
Since r + 2 _> p + 2, we can choose e small enough, such that 
Then the Gronwall inequality ields 
J'(t) <_ CJ(t). 
J(t) < J(O)e c~. 
From this estimate and the continuation principle [20] we complete the proof of Theorem 1.1. | 
3. BLOW-UP OF  THE SOLUTION 
To prove Theorem 1.2, we use the concavity technique developed by Levine [13], where some 
abstract semilinear hyperbolic equations were studied. This approach is also valid to show the 
global nonexistence of solutions for some type of quasilinear wave equations, see [15,17,19,21]. 
Several generalization of such an approach can be found in [3-5,10-12]. 
PROOF OF THEOREM 1.2. Set 
From (1.4), we can get 
H(t) = 2(q -t- 1 ) ( -E ( t ) )  + (q + 2)llu, II 2. 
E'(t) s u ,~+2 =-  t r+2~ 
i.e., E(t) is a decreasing function satisfying 
(3.1) 
(3.2) 
E(t) < E(0) < 0. (3.3) 
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We introducing the function F(t) = 2-1llu[]~ for any solution u. 
respect to t, we  have that 
F(t)  =/~ uut dx. 
Since u is the solution of (1.1), we obtain form (3.1) and (3.4) that  
~t p+l  _ f~ = [M]I~ + II Il l IlDm~[l~ (~+~> uutlutl"dx 
(p-2q) u p+2 .L 
= H(t) + -p--+~ II IIp+~ - ~[~l~dx.  
Noticing p > r and Hblder inequality, we have 
~u~l~l  ~ < lullutl ?+ldx < II IIT+~II~II~+~ 
l/, r+ l  <A111~llp+~ ~ ~+2 
r+ l  (p+2)/(r-k2) 1--(pW2)/(r+2) 
< A1 ~t ~+2 u p+2 Ullp+2 
with A1 = [~2] (p-~)/((p+2)(~+2)). From the Young inequality, we have 
r+2 £r+2 U p+2 AIlI~II;+~IMI(~-+2)/(~+i) -~+2 < r + 1 (_lA1)(r+2)/(r+l) [lut r+2 -t- ~ [I 11.+2 
for any s > O. It follows from (3.3) that 
/ 





then from (3.6)-(3.8), we  yield 
f u~Iu,] ~ dx 
u ;+2 (3.9) 
- ~ ~+~ \~- -~ ]lu~llT+~ + 7~ II IJ~+~ 
_< (e-ZA1)(~+2)/(~+1) ( _E( t ) ) - (1 -~)  ~+2 &+2 - (1-~)  v+2 
with 1 - a -- 1/(r + 2) - 1/(p + 2)(> 0) under the assumpt ion p > r. Thus, choosing ~+2 = 
(p - 2q)(p + 2) - l ( -E (0 ) )  1-~ in (3.9), we observe from (3.5) that  
F"(t) > H(t) - 0 ' E/ t  ' ' - (1 -~) ' ' -  ,T+2 (3.10) - -  I L - -  i 1) I] 'ttt r+2,  
with 0~+1 _-- (p + 2) (p -  2q)-I(-E(O))-O-~)A~+2. 
Now, we define 
G(t) = (-E(t)) ~ + aO-1F'(t), (3.11) 
where a = 1 - (1 / ( r  + 2) - 1/(p + 2)) (1/2 < a < 1 since p > r > 0). Then,  form (3.2) and (3.10), 
we obtain that  
G' (t) = a( -E(t )  ) -(~-") ( -E '  (t) ) + ~011F" (t) 
= a(_E( t ) ) - (1 -~)  ~+2 II~L+~. + c~071F"(t) (3.12) 
>_ aO~lH(t) >_ (20D-iN(t). 
Ilullp+~ ~ (p + 2)l/(;+2)(-E(t))l/(P+2) > (-E(t))  ~/(;+2) > ( -E (0 ) )  ~/(p+2) > 0, (3.8) 
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Since H(t) >_ 2(q + 1)( -E( t ) )  and E(t) < E(0) < 0, we have 
G'(t) >_ O~l(q + 1)(-E(0))  > 0, 
and there exists a to >_ 0, such that 
G(t) _> G(t0) > 0, for t _> to, 
where we can take 
By the inequality 
1413 
(3.13) 
a u u 
with. A2 --~ I~l p/t2(p+2)), we have 
G(t) 1/~ < 2 ((-E(t)) + (0~ 1 [F'(t)[) 1/~) 
<_ 2 ((-E(t)) + (A2O~lllu~ll211utlp+2)1/c~) 
2 ( ( -E ( t ) )  -~- 211~t[I 2 -~- 2 -1  (A20:iI[u[lp+2) 2/(2~-1)) 
< 2 (2(q + 1) ( -E ( t ) )+ (q + 2)l[ut[[2 ~ + 2 -1  (A20:lllullp+2)2/(2c~--1)) , 
where we have used the Young inequality at the last inequality. Moreover, since 2 / (2a -1)  < p+2 
and 
(-E(O)) -1/(v+2)ilulip+2 _> 1, if E(0) < 0, 
we have from (3.1) that 
G(t) 1/a _< 2 (2(q+ 1)( -E(t ) )  + (q+ 2)]]ut]l 2 
+ 2-1 (A2011) (_E(O))-O-2/((2~-1)(p+2)))[lu[]~+~) (3.15) 
<_ O2H(t), 
with 02 = 2max{2, (q + 1)-1(p + 2)(A20~1)2/(2a-1)(-E(O))-(1-2/((2~-1)(p+2)))}. Thus, a com- 
bination of (3.12) with (3.15) leads to 
Ot {G(t)l-1/~} = (1 -  1)G(t)_l/C~G,(t)< - - (1 -a) (2a010~.)  -1. (3.16) 
Integrating (3.16) over (t, to) gives 
~(t) ~ {G(to) -(1-a)/a -- (1 -- oL)(2o~0102)_1 t ~ j -a /O-a)  (3.17) 
for some t _> to. Here, noting the fact G(to) > 0. Then (3.17) shows that there exists a T > 0 
such that 
T <_ To -- 2a0102(1 - a)-lG(to) -0-~)/~ and lim G(t) = +~. t~T- 
Now, since it follows from (1.4) that 
--1 p+2 (-E(t)) + 2-1IMI]  <_'(p+ 2) ]]ull +2, 
C u p+2 we obtain from (3.1) and (3.15) that G(t) 1/~ _< [I []p+2 for some constant C > 0. Thus, we 
U pq-2 have limt--+T- [[ lip-b2 = ~-OO, i.e., the solution blows up at finite time in L p+2 norm. | 
F}om the proof of Theorem 1.2, we can estimate the lifespan T if G(0) > 0. Noting the 
fact (3.14), we have the following corollary. 
to = 0, if G(0) - ( -E(0) )  ~ + c~011 ~ UOUl dx > 0. (3.14) 
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COROLLARY 3.1. In addition to the assumptions of  Theorem 1.2, suppose that  
G(0) -- ( -E (0 ) )  ~ + ~01 f~ u0ul  dx > 0. 
Then, the lifespan T of  the solution satisfies 
T < 2~0102(1 - a ) - lG(0)  - (1-~)/~,  
where ~, 01, 02 are posit ive constants, such that  
(1 1) 
c~ = l - < c~ <1 , r + 2) (p + 2) ' 
01 = ((p+ 2)(p- 
and 
02- -2  max {2, (q- I -1)-1(pd-2)(]~,P/(2(p+2))O~1) 2/(2~-1) } x ( -E (0 ) )  -(1-2/((2~-~)(p+2))) . 
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